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Using the AdS/CFT correspondence, we study the hydrodynamics with conserved 
current from the dual Maxwell-Gauss-Bonnet gravity. After constructing the per- 
turbative solution to the first order based on the boosted black brane solution in 
the bulk Maxwell-Gauss-Bonnet gravity, we extract the stress tensor and conserved 
current of the dual conformal fluid on its boundary, and also find the effect of Gauss- 
Bonnet term on the dual conformal fluid. Our results show that the Gauss-Bonnet 
term can affect the parameters such as the shear viscosity rj, entropy density s, 
thermal conductivity k and electrical conductivity a. However, it does not affect 
the so-called Wiedemann- Franz law which relates k to a, while it affects the ratio 
ri/s. In addition, another interesting result is that the r]/s can also be affected by 
the bulk Maxwell field in our case, which is consistent with some previous results 
predicted through the Kubo formula. Moreover, the anomalous magnetic and vorti- 
cal effects by adding the Chern-Simons term are also considered in our case in the 
Maxwell-Gauss-Bonnet gravity. 
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I. INTRODUCTION 



The AdS / CFT correspondence MiM provides a remarkable connection between a gravita- 
tional theory and a quantum field theory. According to the correspondence, the gravitational 
theory in an asymptotically AdS spacetime can be formulated in terms of a quantum field 
theory on its boundary. Particularly, the dynamics of a classical gravitational theory in the 
bulk is mapped into the strongly coupled quantum field theory on the boundary. Therefore, 
AdS/CFT provides a useful tool and some insights to investigate the strongly coupled field 
theory from the dual classical gravitational theory js, 6|. 

One of the situations where we need the knowledge of strongly coupled quantum field 
theory is the quark-gluon plasma (QGP) formed in ultra-relativistic heavy-ion collisions at 
the Relativistic Heavy Ion Collider (RHIC) and the Large Hadron Collider (LHC). After 
the collision of the ions, QGP thermalizes rapidly and comes into local thermal equilibrium, 
and then hadronizes when the local temperature goes down to the deconfinement tempera- 
ture. Note that, it has been observed that the QGP behaves almost like a perfect fiuid in 
the local thermal equilibrium regime. However, in this regime the perturbation quantum 
chromodynamics (QCD) breaks down as the the strong QCD coupling remains strong near 
the deconfinement temperature, while the Lattice QCD is not well-suited in dealing with 
real time physics and Lorentzian correlation functions. Therefore, an important way to gain 
some insights into the physics of QGP is through the AdS/CFT correspondence 6|]. 

Indeed, some early work showed that the AdS/CFT correspondence can be used to de- 
scribe the hydro dynamical behavior of quantum field via the dual gravity in the bulk. This 
can be understood from the fact that the hydrodynamics can be viewed as an effective de- 
scription of an interacting quantum field theory in the long wave-length limit, i.e. when 
the length scales under consideration are much larger than the correlation length of the 
quantum field theory. For fiuids dual to Einstein gravity in the bulk, the shear viscosity has 
been calculated using the Kubo formula in various theories [t IOI. And the ratio of shear 
viscosity over entropy density rj/s was found to be 1/4 tt for a large class of conformal field 
theories with gravity dual in the large N limit llHlSj. Then it was found that the ratio 
rj/s only depends on the value of effective coupling of transverse gravitons evaluated on 



the horizon 
effect 



20 



IGMIQI]. Note that, this ratio gets only positive corrections from some Large N 



21| . Therefore, this value was once conjectured as an universal lower bound for all 
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materials 



22 



30|. However, later studies showed that in hig. 



such as Gauss-Bonnet (GB) gravity the bound is lowered 



ler derivative gravity theories 
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In the case that the 



dual gravity is the general 
to a more lower bound 



jOveLock gravity, this lower bound can be further modification 



4Q|. 



Recently, the study of the hydrodynamics via dual gravity has been further developed as 
the Fluid/ Gravity correspondence 41|. This correspondence provides a more systematic way 
that maps the boundary fiuid to the bulk gravity. It can be used to construct the stress- 
energy tensor of the fiuid order by order in a derivative expansion from the bulk gravity 
solution, while the shear viscosity rj, entropy density s, and the ratio of the shear viscosity 



over entropy density rj/s can all be calculated from the first order stress-energy tensor 42 



47|. Besides the stress-energy tensor, this correspondence can also be used to extract the 
information of the thermal conductivity and electrical conductivity of the boundary fiuid 



from the conserved charge current by adding the Maxwell field in the bulk gravity |42N45| . 
where the essential point is that the global U(l) charges in the boundary corresponds to the 
local U(l) charges in the bulk. In this paper, one of our motivations is to consider the effects 
of the Gauss-Bonnet term in the bulk on the boundary conserved charge current in contrast 
to the case of Einstein gravity. After perturbating the boosted black brane solution of the 
Maxwell-Gauss-Bonnet (MGB) gravity, we calculate the stress-energy tensor and conserved 
current of the dual conformal fluid to flrst order based on the flrst order perturbative gravity 
solution. Our results show that the Gauss-Bonnet term can affect the parameters of the 
conformal fluid, such as the shear viscosity i] , entropy density s , thermal conductivity k 
and electrical conductivity a. However, it does not affect the so-called Wiedemann-Franz 
law which relates k to a, while it affects the ratio t]/s. Another interesting result is that the 
rj/s can also been affected by the bulk Maxwell fleld in MGB gravity, which is consistent 
with previous work computed through the Kubo formula. In addition, we also consider the 
anomalous magnetic and vortical effects by adding the Chern-Simons term in our case in 
the Maxwell-Gauss-Bonnet gravity. 

The rest of the paper is organized as follows. In Sec. II, we briefly review some properties 
of the Maxwell-Gauss-Bonnet gravity and the black brane solution. In Sec. HI, we construct 
the perturbative solution to flrst order. In Sec. IV, we extract the stress-energy tensor 
and the conserved current from this flrst order perturbation solution. And in Sec. V, we 
consider the anomalous magnetic and vortical effects from the Chern-Simons term in our 
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case. Sec. VI is devoted to the conclusion and discussion. 



II. ACTION AND BLACK BRANE SOLUTION OF THE 
MAXWELL-GAUSS-BONNET GRAVITY 

The action of the d dimensional Maxwell- Gauss-Bonnet gravity with a negative cosmo- 
logical constant A = -{d - 2){d - l)/2i'^ is 



^ = T^/ d'x^^){R-2K + aLGB)-^J d'xy^F' 
IQttG Jm 4:9 Jm 



(2.1) 



where R is the Ricci scalar, a with dimension {length)"^ is the GB coefficient and the GB 
term Lgb is 

Lgb = — AR^yR^" + R^y^rR^"'^^ ■ (2-2) 

For later convenience, set / = 1 and IGttG = 1, the equations of the Maxwell- Gauss- 
Bonnet gravity are given by 

R^, - ^Rg^y + Ag^y + aH^, - ^ (^F^.F/ - ^^?m-F') = ' (2-3) 

V^F^ = 0. (2.4) 

where 

H^u = '^iRfiaurR/'^^ ~ 2-R^pi/a-R'"^ — '^RfiuR^y + RRfiu) — -^Lcsgfiv ■ (2.5) 



There have been many exact solutions found 51n59|, and we are interested in the 5 



58 



59| 



dimensional charged black brane solution 
where 



F = g'^^dtAdr. (2.8) 

Note that, ic is the effective radius of the AdS spacetime in GB gravity, and its expression 
in 5- dimensional case is 



with U = Vl - 8a. (2.9) 
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From f l2.6p . we easily find that the horizon of the black brane is located at r = r+, where 
r_|_ is the largest root of /(r) = 0. The Hawking temperature and entropy density are 

47r '^=''+ 27irV rl 



T = '-^-^\r=r, = - ^-^), (2.10) 



^3 



(2.11) 



In addition, this solution rewritten in the Eddington-Finkelstin coordinate system is 

cis2 ^ _r^f(^r^(iy2 ^ 2dvdr + ^{dx'^ + dy^ + dz^), (2.12) 

2V3Q, ^ , 
p = g — dv A dr. 

where v = t + r^, with dr^ = dr /{r'^f). Moreover, in the boosted frame, it can be written as 
ds^ = -r'^f{r){u^dx''f-2u^dx^'dr+'^—P^^dx^dx'', (2.13) 



r 

with 

where velocities /?*, M, Q and A^^* are constants, x^ = {v, Xi) are the boundary coordinates, 
P^^ is the projector onto spatial directions, and the indices in the boundary are raised and 
lowered with the Minkowsik metric 77^;^. 



III. THE FIRST ORDER PERTURBATIVE SOLUTION 

In this section, we construct the perturbative solution based on the boosted black 
brane (12.131) . The reason is that we can extract the viscous information of the conformal 
fluid from this perturbative solution, as can be seen in the following in detail. To procedure 
this perturbation, we lift the above constant parameters M, Q, A^^^ to be slowly-varying 
functions of the boundary coordinates x^ = {v,Xi). Therefore, the metric ( I2.13P will be not 
a solution of the equations of motion (12. 3p any more, and we need to add correction terms to 
make the new metric as a solution. Before discussing these correction terms, we first define 
the following tensors 

Wjj = Rjj + igij + ^aLcBgij + aHu + ^ (^F.^^F^j + \guF^^ , (3.1) 
Wi = VjF'i . (3.2) 
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When we take the parameters as functions of x'^ in fl2.13p . W^i, and will be nonzero and 
proportional to the derivatives of the parameters. Therefore, these terms can be considered 
as the source terms S^^ and S^, which are canceled by the correction terms. More details, 
let the parameters expanded around x'^ = to first order 

A = d^/3i\,,=ox^, M = M(0) + d^M\,.=ox'', Q = Q{0) + d^Q\,,=ox'', 

= A^"*(0) + d.Afl.^ox". (3.3) 

where we have assumed /3*(0) = 0. After inserting the metric fl2.13p with (13. 3 p into W^j^y 
and PV^, the first order source terms can be = -Wf,y and S^^^ = -W^. Therefore, after 
fixing some gauge and considering the spatial 5*0(3) symmetry preserved in the background 
metric (I2.12p . the choice for the first order correction terms around = can be 

^^(1)2 _ M^dv^ + 2h(r)dvdr + 2^^dvdx' + ^ (a,, - -hir)5i^ dx'dx\ (3.4) 

\ 3 J 

A^^^ = a^{r)dv + ai{r)dx' . (3.5) 

Note that, for gauge field part, ar{r) does not contribute to field strength, thus the choice 
ar{r) = is trivial. Therefore, the first order perturbation solution can be obtained from the 
vanishing W^^ = (effect from correction) — S^J and = (effect from correction) — Sji\ 
For the Maxwell equation, what we have to do is just solving following equations 

W, = ^ [r^aj{r) + AV3gQh{r)'j' - Si^^ (r) = , (3.6) 
Wr = |rV(r) + 4V3gQh{r)^' - ^^(r) = , 

= 3 ir'f{r)a/{r) - ^^J.(r) \ - Sf\r) = 



where 

Si'\r) = g'^ id^Q + QdA) , (3.7) 

Sl'\r) = g (-^ (a.g + Qm) - i^Fr 

and = 9„y4^^* — diA"^^^ is the external field strength tensor, prime means derivative of r 
coordinate. 
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For equations of gravity, they are complicated, which can be seen more details in the ap- 
pendix [Aj By solving all the above equations, several coefficients of the ffist order correction 
terms are 

h{r) = 0, k{r) = '^r'd,(5\ a„(r) = 0, (3.8) 



where a{r) and its asymptotic expression are 

f ,3 _ 2as'[s'f{s)]' - {rj - 2c.r^(rV)a,J 1 



oo 



-s + 2a[s^fis)]' s^fis) 



~r r4 r3(l- Vl-8a)Vl-8a ^r' ' 

Since the remaining equations Wi = and Wri = are coupled to each other, it is more 
difficult to solve them. These equations are 

r ffi{r)\ V3g , , SaUr)f'{r) , 6ajl{r)f{r) 2ajl{r)f'{r) 2ajl'{r)f{r) _ ^(^^ ^ 



2 ^3 ^7^"^ ^ 1^3 .y^2 

rV(r)a:(r) - ^^^j,(r) j = rSf ^(r). (3.10) 

For the exact solutions to these equations, see appendix [Bl Note that, we can decompose 

ji{r) and aj(r) as 

a,(r) = apir)d,(3, + aQ(r)(9ig + QS.A) + «F(r)F,7*, (3.11) 
Ji(r) = J^{r)d,f3i+jQ{r){d,Q + Q^.A) + j^(r)F:f . (3.12) 

With this decomposition, the gauge field can be written as a covariant form 

A«(r) = ap{r)u''d^u, + aQ{rXFj,f + a^(r)«'^F-\ (3.13) 

where F^'j^^ = d\ {Qu^) — {Qu\). In addition, there are some relations between these 
equations 

+ r''f{r)Wr = : Si'^ + rV(r)S'(^^ = 0, 
W,, + r^f{r)W„ = : S,, + f{r)S„ = 0, 

W,, + r^fir)W,r = : 5™ + rV(r)5,, = 0. (3.14) 



8 



which can be considered as the constraint equations. In our paper, after using the first order 
source terms in the appendix \^ we can further rewrite the constrain equations f l3.14p as 

3d^M + 4:Mdi(3i = 0, (3.15) 
d,M + AMd,/3, = V3Q^F:f, 
d,Q + QdA = . 

In the later, we can see that these equations can be expressed as a covariant form, which are 
nothing but the exact conservation equations of the zeroth order stress-energy tensor and 
conserved current. 

Therefore, after adding the correction terms, the first-order metric expanded in boundary 
derivatives around = is given explicitly as 

ds^ = 2dvdr -r'^f{Mo,Qo,r)dv'^ + ^—dxl -r'^x^Ci{r)d^Mdv'^ -2x^d^Mx"dr 

-2x^r2[l - /(Mo, Qo, r)]df,/3,dx'dv - r'^x^C2{r)d^Qdv'^ + 2r'^a{r)aijdx'dx^ 



+ -rdiP'dv^ + 2^^dvdx\ (3.16) 
3 r"' 

where 



C,{r) = ^^^^^^^^^^^^^U.=o, cr,, = - \6.,d,p\ (3.17) 

From which the global first-order metric can be constructed in a covariant form 

2r 



^2 

ds^ = -r'^f{r)u^u^dx^dx'' - 2u^dx^dr + —P^ydx^dx"" 



^u^Uydxu^ (3.18) 



-2r'^a{r)a^u 



dx^dx" , 



where we have took the covariant expression and the definitions of 

^^.u ^ lpM«p-/3 (5^^^ + 5^^^) _ lpM-5„M" . (3.19) 

The chemical potential is defined as 

/X = A,(r+) - A„(oo) . (3.20) 
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Using the same discussion in reference 4^, we can find that its first order expression is 



(3.21) 



which keeps the same expression but here Q and r_|_ are not constants. 

IV. THE STRESS TENSOR AND CONSERVED CURRENT OF CONFORMAL 

FIELD VIA DUAL GRAVITY 



Basing on the above perturbative solution, we now extract the information of the dual 
conformal field. And we first discuss its stress tensor Tnu which can be obtained through the 

n 

following relationship [63| 



-hh^" < T,,„ >= hm 



(4.1) 



where h^^, is the background metric upon which the dual field theory resides, 7'^'' is the 
boundary metric obtained from the well-known ADM decomposition 



ds' = -f^^idx^ + V^'dr){dx'' + Vdr) + N^dr^ 

and Tab is the corresponding boundary stress tensor which is defined 

2 6 



^—7 ^7 



ab 



(/ + Is,, + /° ) 



(4.2) 



(4.3) 



where 



/ d^'xV^K --^ ! d'xV^ (J - 2GabK-'') 



(4.4) 

IdM '^^'-^ JdM 

is the generalized surface term of the 5-dimensional GB gravity and we have recovered the 



gravitational coupling hereafter 
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49| . K is the trace of the extrinsic curvature of the 



boundary. Gab is the Einstein tensor of the metric '-fab and J is the trace of the tensor 

1 



J, 



ab 



{2KKacKl + K^dK^'^Kab - 2KacK"'Kdb - K'K, 



ab 



(4.5) 



In addition, 



'ct 



SttG 



(i^Xi/— 7 



dM 



2 + U 



-(2 - U)R 



(4.6) 



is the corresponding boundary counterterm and R is the curvature scalar associated with 



the induced metric on the boundary •jab 



49 



Note that, it is obviously seen that the 
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above boundary counterterm can recover the known counterterm expression in the Einstein 



gravity when a — )■ 



60 



-|62|. 



From (14. 3p . the boundary stress-energy tensor is 

Tab = ^[Kab - labK + 2a{Qab ' \Qlab) - ^^7ab + |(2 - U){Rab ' ^labR)], (4.7) 

where Qab is 

Qab = 2KK,,Kl - 2KacK'''K,t, + Kab{K,,K''' - K^) + 2KKb + RK^b - 2K'''R,adb - ^KcK^. 

Therefore, after inserting the exphcit metric (13.1 6p into f l4.7p . the corresponding non-zero 
components of the boundary energy- momentum tensor are 

3M rl + (12g2 _ IQMrla) (r+ - SvrTa) 



1 2M 2rl{r+ - 8nTa) 



The background metric upon which the dual field theory resides can be obtained from 63 1 
hab = lim^^oo ^lab, and 

ds"^ = habdx'^dx^ = -dv'^ + dx^ + dy"^ + dz^ . (4.9) 

Therefore, according to (14. ip and ( 14. Sp . the expectation value of the first order stress tensor 
of the dual theory r^^ corresponding to the global metric (13.190 is 

1 ,2M, , 2rl{r+-MTa) ^ , , , , 

= Y^^iTT^^/^'^ + ^^f^^^) £3 ^M^'J = + - 2^c^M^- (4.10) 

where we have rewritten it as a covariant form. It should be emphasized that we can also 
obtain (14.100 by directly inserting the global metric (I3.19P into (14. 7p . From (14.100 . the 
pressure and viscosity are read off 

" M ri(r,-8vrT.) 



and the entropy density s can be computed through 

dP r'i_ 



dT AGCl' 

The ratio of r] and s can also be found from (14.110 (12. lip that 



(4.12) 



^ = -L(l-^). (4.13) 

s 47r ri 
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which is consistent with the previous result using the Kubo formula 18|, |67| . In addition, 
from T^u, we can obtain the zeroth order energy- momentum tensor 

M 



pi/ 



On the other hand, the boundary current can be computed via 

1 6Sr 



(4.14) 



= lim 



lim F^i" 



(4.15) 



where is the gauge field which is projected to the boundary. The current is 



T/i _ I jf^ 

~ "'(0) ^ "'(1) 



(4.16) 



W gi. 



-2V3Q 



JQ [r+j 



^ 1 u'F^Q\>^ 



r% g J J 



(4.17) 



where the zeroth order boundary (particle number) current is 



_ 2V3Q 
'(0) - ' 



(4.18) 



and j/3(r+), jQ(r4.), jpirj^) are values of each function at the horizon, which can be read 
from ( ]B12p and found same as the reference 



(r+) _ 2 {2rl + Q^) jq 



Q 



3f {r^ 



e V3Q 
"g8Mr+ 



(4.19) 



Thus after a little work, the constraint equation f l3.14p can be expressed covariantly as 

(4.20) 



S^TJ^ = 2V3Q-F, 



which are just the exact zeroth order conservation equations. 
After some algebra, the current can be simplified as 



^(1) 



4^2M2 

/i 

'T 



Ag^M^ 



(4.21) 
(4.22) 
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where we have used the following relations to obtain fl4.2ip 

1 



AM g AM 



Q 



^2 ^2 _|_ ^4 



2 2 



T 



1 



2 2 

r.r 



rt) - 

27rri ^ + + 67rr_L 27rr3 



6rj 



(4.23) 
(4.24) 
(4.25) 
(4.26) 



Therefore, the coefficient of thermal conductivity k and the electrical conductivity can 
be read off 



Obviously, the so-called Wiedermann-Franz law relating the thermal conductivity and elec- 
trical conductivity holds 42 1 

K = aT/e^. (4.28) 



V. ANOMALOUS MAGNETIC AND VORTICAL EFFECTS FROM THE 

CHERN-SIMONS TERM 

In this section, we will deduce the anomalous magnetic and vortical effects by adding the 
Chern-Simons term in our case in the Maxwell-Gauss-Bonnet gravity. The Chern-Simons 
term is added in the action (12. ip such that 

IottG J_m Ag^ Jm 3 

(5.1) 

and the new equations of the Maxwell- Gauss-Bonnet gravity are 

R^, - ^Rg^, + Ag^, + aH^, - ^ (^F^.F/ - ^g^uF''^ = , (5.2) 

^bF^A — f^cs<^ABCDEF^^ F^^ = 0. 

Note that, the Chern-Simons term does not effect the expressions of solutions, therefore 
(12. 6 p is also the the solution of equations (15. 2p . The difference is that we should define the 
new following tensors 

Wjj = Rjj + Agij + ^aLcBgij + aHu + ^ {fikF"" j + \gijF^^ , (5.3) 

WA = VBF''A-t^cseABCDEF''''F^'^ . (5.4) 
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Therefore, they are same for equations of gravity, while for the the Maxwell equations they 
are 

fir) 



|r='a/(r) + 4V3gQh{r)^' - S^P (r) = , (5.5) 



Wr = {rV(r) + 4V3gQh{r)^' - S^'\r) = 
W, = l lr'fir)a/ir) - ^^J.(r)| - ^«(r) = . 



where 

Si'\r) = g (^-^ {d^Q + QdM " I'g^vf^ " '^-^^ (v^er^F^* - 3gQd,/3y + 3gQdy/3,) 

and F°f^^ = d^A"^^^ — d^A^^^ is the external field strength tensor, prime means derivative of r 
coordinate. 

By considering the Chern-Simons term, the boundary current can be computed via 



J' = TI^T? = + ^e^^'^-^-A^F.,) , (5.7) 



where A^ is the gauge field which is projected to the boundary. After some algebra, the 
current is 



= JJ^ + Jf^^, (5.8) 



'(5.9) 

where we have assumed A^f^^O) = in (13. 3p . and 

Ji;,) = ^^u^:=nu^, B^ = ^e^''''V;:\ oo^ = \e^''"'u,dpU^, (5.10) 
here j/3(r+), jQ(r+), jF('"+) are values of each function at the horizon and same as (I4.19p . 
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For more simplicity, we can obtain that the charged current can be rewritten as an 
invariant form 

= -f^pf^-d,^ + -u^F'^'x'' + cjbB>' + ioj>'. (5.11) 



where 



gMrl ' ^~ M 



^B = 17712 ' ^=^r^- (5-12) 



Note that, the last two terms are related with the anomalous magnetic and vortical effects, 
and it is also obvious that they are from the Chern-Simons term because the coefficients of 
the last two terms are proportional to Kcs- 



VI. CONCLUSION AND DISCUSSION 

In this paper, we apply the AdS/CFT correspondence to investigate the property of 
hydrodynamics of the dual strongly coupling conformal field by studying the 5-dimensional 
solutions of the Maxwell-Gauss-Bonnet gravity in the bulk. By lifting the parameters of 
the boosted black brane in the Maxwell- Gauss-Bonnet gravity to functions of boundary 
coordinates, and then solving for the corresponding correction terms, we finally construct 
the first order perturbative gravity solution. Base on this perturbative solution, we extract 
the information of its dual conformal field, such as the stress tensor and conserved current. 
And we also obtain the shear viscosity i] , entropy density s , thermal conductivity k, and 
electrical conductivity cr of the dual conformal fluid. Through these results, we also find 
that the Gauss-Bonnet term can affect all these parameters. However, it does not affect 
the so called Wiedemann-Franz law which relates the thermal with electrical conductivity, 
while it affects the ratio rj/s which has been predicted in several previous work. It should 



be emphasized that usually the generalization of the approach in [4l|] to new cases such 
as including the Maxwell field in the bulk in our case are non-trivial. Because it not only 
can extract new physics from the bulk such as the conserved current J^, but also solve the 
difficulties in the mathematics which can be seen in the appendix [B] that the coefficients 
aj(r) couples ji{r) and it is more difficult to solve these coupled coefficients. 



Note that, t 
Kubo formula 



le above parameters r/, k, a can also be obtained from the method using the 



67(1 . The same results imply that the new approach in 



3 



is underlying 
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consistent with the method using the Kubo formula. However, there is a more way to check 
the consistence for this new approach, because the entropy density can also be obtained 
from the pressure in (14.121) which can be directly compared with (12.111) . Furthermore, as a 
new approach, it gives a new insight into the AdS/CFT correspondence. It directly show 
that the stress tensor of the conformal viscous fluid in the filed side is connected with 
the well known boundary stress tensor (which is used to calculate the conserved quantities 
such as the energy, momentum) from the counterterm method in the gravity side 60N62|. 
Moreover, the explicit expressions of the stress tensor r^,^ and conserved current of the 
dual conformal fluid are naturally deduced in this new approach. Therefore, basing on these 
explicit expressions, it may obtain some extra terms which are neglected before by using the 
Kubo formula. For example, if one considers the Chern-Simon term of the Maxwell field in 



the bulk, the conserved current following the method in 



4l| can contain two additional 



terms inducin g th e anomalous magnetic and vortical effects, which has been attracted by 



many authors 43 



64j |. And a simple discussion by adding the Chern-Simons term in our 



case in the Maxwell-Gauss-Bonnet gravity have been given in the above section V. Therefore, 
more effects of the Chern-Simon term in the bulk with the modified gravity are interesting 
to have further study. Moreover, whether there are some new extra terms deduced from 
the effects of RF^ terms of Maxwell filed and more general expressions in 67|| are also 
an interesting open question. In addition, one can further use these explicit expressions to 



model the rea^ 
behavior 65 



hydrodynamical process of QGP through considering its asymptotic late-time 



66[. Our work showing the effect of Gauss-Bonnet term on the gravity/fluid 



correspondence may give us some insights to model this real process of QGP. 
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Appendix A: The tensor components of Wf^,y and 5"^^ 
The tensor components of W^^ = (effect from correction) — 5*^;^ are 

W,, = ^af{r)f'{rfh'{ry + f {rf h' (r) /"{ry + f {rf f (r) h" {ry + Saf{r)h{r)f\rfr^ 

+ :^a/(r)2/'(r)/i'(r)r^ - f{r)f\r)h'{r)r* + ^af{rfh{r)f"{r)r^ - f {r)h{r) f" {r)r^ 
3 

+bQaf{rfh{r)f\r)r^ - 7f{r)h{r)f'{ry + 8af{rYh'{ry - 2f{rfh\r)r^ + ?,2af{rfh{r)r 
-8f{rYh{ry + 2ak{r)f'{rf + Aaf{r)f'{r)k'{r) + 4af{r)k{r)f"{r) - ^k{r)f"{r) 
^2,.,„^ , 4Q/(r)a;(r) , 12a/(r)fc(r)f (r) 7A;(r)/'(r) 



+2af{ryk"ir) - -f{r)k'\r) + V ^ + „ 
Z V3gr ^'■^ 

2a/(r)2A;'(r) f{r)k'{r) 8af{rfk{r) Af{r)k{r) Ak{r) 8Q^f{r)h{r) 



tj-t 2?^ 1^2 

= --a/'(r)2/i'(r)r3 - -af{r)h'{r)f"{r)r^ - -a/(r)/'(r)/i"(r)r^ - 6a/i(r)/'(r) V 
3 3 3 

^'i±af{r)f{r)h'{ry + /'(r)/i'(r)r2 - 6a/(r)/i(r)/"(r)r2 + -h{r)f"{r)r^ 
3 2 

-42a/(r)/i(r)/'(r)r + ^/i(r)/'(r)r - 8af{rfh'{r)r + 2f{r)h'{r)r - 24a/(r)2/i(r) 
+4/(r)/i(r)+4/i(r)--"^'^''^^'^''^ 2«A;(r)r(r) 2a/(r)A:"(r) , A;"(r) 4g<(r) 



^2 ^2 ^2 



2aA;(r)/'(r) 2af{r)k'{r) k'{r) 4:Q^h{r) ^ 
W - 2j.(r)g^ v^/(r)<(r)g 8a/(r)^j.(r) _ 4/(r)j.(r) 4j.(r) 4a/(r)j.(r)/'(r) 



.y^2 1^2 1^2 1^ 



r r 2r 



+ 2a/(r)/'(r)j;(r) + 2a/(r)2j-(r) 



ly^^ = y ^ ^ + - Aaf{r)h'\r) + /i"(r) - 5^^, 

W,, = I 8«Jx(r)r(r) ^ 6a/(r)j;(r) 2a/'(r)ji(r) 3j;(r) 2«/(r)jX'(r) 



^3 ^3 ^2 2?^^ ^2 



2r2 

12a/(r)/'(r)/i'(r)r4 /'(r)/i'(r)r4 4a/(r)2/i"(r)r4 f{r)h"{ry 



b<oaf{r)h{r)f'{ry ^ 8h{r)f'{r)r^ AAaf{ryh'{r)r^ ^ llf{r)h'{r)r^ 



il ii 

112af{rYh{ry 32f{r)h{ry 8h{ry 2V?,Qa'^{r) I2ak{r)f\r) 



42 £2 g£2^ £2^ 



12af{r)k'ir) Sk'ir) IQQ'hjr) 

\ \ TiK—. ^ijO , 
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where the first order source terms are 

+ ^d,QC2{r)r - mf{r)r - Qd,MaCiir)f{r)r - 6d,QaC2{r)f{r)r, 

4af{r)dA 20 4 

Svr = r - -raf {r)dA + , 

r 6 6 r 

= — ^;:3 ^ ^3 QradyPifir) + -diMrCi{r) 

+ ^diQrC2{r) + ^r9,A/(r) - 6diMraCiir)f{r) - QdiQraC2{r)f{r) + ^d,Mr^C[{r) 

-2d,Mr'af{r)C[{r) + ^d,Qr'C',{r) - 2d,Qr'af{r)C',{r) + ^r'dM'{r) 
-2diMr'aC,{r)f'{r) - 2diQr^ aC2{r) f (r) - 4r^adM{r)nr), 

Sri = \- 2a/ {r)d^l3i - 



r 2r 
af"{r)r^ 6a/'(r)r^ 3r 6a/(r)r, 

e ^2e W 



Aad,(3J"{ry 2ady(3yf"{ry 2ad,PJ"{r)r^ 32ad^(3J'{ry Aady(3yf'{ry 

Ul Ml Ul Ul Ul 

AadJJ'{ry 4d,f3,r dy^ _ 16ad,/3J{r)r _ 4adyf3yf{r)r _ 4ad,(3J{r)r 

Q/'2 f2 ^ 02 ^ 02 02 B2 02 ' 

"-"^c 

and Syy (or Szz) can be just replaced the index x in S^x into y (or z), and 

Appendix B: The exact form of ji{r) and aj(r) 
In this appendix we will deduce the ji{r) and aj(r) in detail from coupled differential 



equations (13.101) . Like |42|, a second order differential equation of ji(r) can be obtained 



. 3 Aafy, , -12g^ + 16rV(r)f(r) ,., , 

- - -l + 4a/(r) ^^-(^^ ' ^ f{r)yi + Aaf{r)) ^'^^'^ = ^^'^ 



where 



O(-) - ( - ^^'^ + + £ cixx^.(x))/(l - 4a/(r)). (B2) 

And then we can write out a particular solution to (IBip 



jp(r) = bi{r)jH,{r) + h2{r)]H^{r), 



(B3) 
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where 



hir) = - 



°°^^ J/^.(a:)0(a:)(l-4a/(x)) 



oo 



dx 



jHAx)Ci{x)il-iaf{x)) 



(B4) 



+ 3x^(2 . (B5) 



and 



jm{r) = r f{r), 

f°° x^dx 



dx 



(B6) 
(B7) 



jHA^r Jr a;5/(x)2(l -4a/(x))' 

are two linearly independent homogeneous solutions of fIBip . Here, the 3x'^dy/3i term is added 
to cancel the divergence of the integral. With the above formulas, the general solution to 
( IBip can be represent as 



ji{r) = jp{r) + C'sjnAr) + C^jn^ir). 



(B8) 



Where the integration constant C3 and C4 can be determined by the asymptotic behavior 
of ji(r) 



ii -l + 8a + vl-8a \r 



(B9) 



Since the first term in flB9P is non-normalizable, C3 is forced to zero. The other integration 
constant C4 can be set to zero by demanding u'^t'^ = 0. In summary. 



ji{r) = -r f{r) / dxxf{x){l-Aaf{x))Ci{x) 



y^f{yni-4af{y)) 



+ / dx 



dx 



r3(2 - 



- 4a/(a;))0(a;) + 3x^(2 - 



(BIO) 



And asymptotic behavior of ji{r) can be present as: 

8^/3Qa 



5r(-l + 8a + Vl-8a) g 



'2(-l + 8a + Vl-8a) 



2r+ 



{d,Q + Qd„(3i 



2VS9 



(Bll) 
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To obtain ji{r^), we take r — >■ r_|_ limit to (IBIOP and get 



6r+Q2 _ 2r\ (— 2r^ + r^r^ + ri) 

= SM^i • ^^^2) 

From the definition 

JiW = 3p{r)d,l3,+3Q{r){d,Q + ga„A) + jF(r)F:f , (B13) 

we can read off the result (14.191) . 

In addition, integrating the second equation in fl3.10p from r = r+ to r = oo, we get 

r^f{r)a[{r) - 2^gQ - = dxxS,{x), (B14) 

Having the expression of jiir) and jj(r+), aj(r) is obtained by integrating (lB14p 

a.(r) = £ rfx^ (2v^^?Q('^ - '-^) + £ dyyS^^v)) , (B15) 

where the gauge that make aj(r) vanishes at infinity is applied. At last asymptotic behavior 
of ai(r) can be present as: 



a,(r) ^ ^eF^f + ^ f v^^?Q^#^ + ^ (^.g + g^.A) - ' 1 ' (^16) 
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